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ABSTRACT 

A  model  is  developed  to  analyze  the  effect  of 
various  percentage  turnover  per  turnover  period  on  group 
task  time  when  task  time  is  governed  by  the  learning 
function. 

A  computer  program  is  developed  which  generates 
tables  showing  the  results  of  the  analysis.  Nineteen 
families  of  curves  are  presented  which  depict  the  con¬ 
tents  of  the  tables. 
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CHAPTER  I 


INTRODUCTION 

In  1936,  Dr.  T.  P.  Wright  introduced  the  concept 
of  "learning"  via  a  learning  function  which  empirically 
described  the  cumulative  average  labor  cost  of  producing 
an  airplane  as  the  total  number  of  airplanes  to  be 
produced  was  increased.  It  is  generally  recognised 
by  laymen  that  the  time  required  to  accomplish  a  task 
will  diminish  after  each  successive  performance  until  a 
seemingly  stable  rate  of  performance  is  obtained.  The 
manner  in  which  the  task  time  decreases  as  a  function 
of  the  number  of  performances  may  be  predicted  with 
reasonable  success  by  the  learning  curve.  A  rather 
simplistic  but  intrinsically  sound  definition  of 
"learning"  for  the  purposes  of  this  paper  could  be  ex¬ 
pressed  as  follows:  Learning  occurs  when  on  successive 
performances  of  a  task  the  time  to  perform  the  task  is 
diminished . 

The  usual  application  of  the  learning  curve  is  by 
manufacturers  who  must  determine  a  competitive  price 
when  bidding  on  a  contract  which  specifies  the  number 
of  items  which  are  to  be  supplied.  It  may  be  readily 
seen  that  a  vendor  who  bids  on  the  basis  of  "first  unit" 
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cost  would  grossly  overprice  his  product.  The  learning 
function  is  also  used  on  successive  orders  by  the  buyer 
to  determine  a  reasonable  price  to  pay  the  producer 
after  the  first  costly  units  have  been  produced. 
Certainly,  if  little  time  has  elapsed  between  placing  a 
second  order  and  the  fulfillment  of  the  previous  con¬ 
tracted  quantity,  the  cost  for  successive  units  should 
closely  correspond  to  the  cost  of  the  last  few  units 
produced.  Hence,  a  considerable  savings  to  the  buyer 
would  be  possible  if  he  were  aware  of  the  "learning  func¬ 
tion"  before  negotiating  a  new  contract.  A  producer 
might  prefer  to  lose  money  cr  break  oven  or.  the  first 
batch  of  articles  in  anticipation  of  future  orders  when 
he  would  indeed  be  able  -co  offer  a  much  lower  price 


than  his  competitors  due  to  previous  "learning. " 


The  military  commodity  commands  'eqrire  maintain¬ 


ability  specifications  to  be  written  into  the  request 
for  proposal  and  contract  for  new  ecu  foments  when 
applicable.  Basically,  these  mainfainahil  i  r.y  require¬ 
ments  are  written  in  such  a  manner  as  to  assure  a  certain 


mean  repair  time  for  the  equipment  or  parts  of  the 
equipment.  An  attempt  is  usually  made  to  describe  the 
distribution  of  repair  times  ;>/  -*tatirg  maximum  repair 
time  or  the  standard  deviation  of  th^  repair  time.  The 
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acceptability  of  the  equipment  must  be  i  1.1  us t rated  by 
demonstrating  the  equipment  repair  time.  Mot-nods  for 
determining  acceptance  or  rejection  based  on  the  main¬ 
tainability  demonstration  tests  are  contained  in  MIL 
STD  47i.  The  tests  are  usually  marie  uncier  controlled 
conditions,  supposedly  duplicating  those  which  will 
actually  be  encountered  under  normal  maintenance  condi¬ 
tions. 

One  of  the  fallacies  in  making  tlur  type  of 
demonstration  is  that  ne  allowance  is  made  i or  the  ex¬ 
pected  "learning"  which  will  occur  as  the  maintenance 
crews  perform  successive  repairs  on  the  equipment. 
Obviously,  some  notice  of  the  learning  function  should 
be  taken  when  specifying  the  maintainability  require¬ 
ments;  otherwise,  the  specifications  will  tend  to  be 
overly  restrictive  ar,ri  result  in  unnecessarily  increased 
purchase  cost  of  an  equipment.  Indiscriminate  use  of 
the  normal  learning  function  to  predict  the  rr  an  repair 
time  should  be  avoided  since  factors  sum  as  turnover  of 
maintenance  personnel,  time  between  successive 
performances  of  the  task  ar.d  design  changes  or  retrofit, 
actions  must  be  considered. 

This  paper  is  dove- ted  to  an  analysis  oi  the  effect 
of  various  turnover  rate.;  on  the  time  required  to  perform 
a  task  by  a  group  when  the  task  time  is  governed  by  the 


M 
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learning  function.  Some  basic  assumptions  wore  mado  to 
facilitate  the  analysis  and  are  as  follows: 

1.  Turnover  will  occur  only  at  the  end  of  a  turn¬ 
over  period. 

2.  An  integer  number  of  task  repetitions  will  be 
accomplished  in  each  time  period. 

3.  The  ratio  of  the  crew  size  to  the  number  of 
persons  leaving  the  crew  is  an  integer. 

Assumption  three  was  included  only  to  facilitate  the 
rapid  achievement  of  a  "steady  state"  average  task  time 
per  time  period. 

In  Chapter  Three  a  computerized  model  wil'i  be 
developed  to  analyze  the  effect  of  turnover  under  the 
assumptions  stated  above.  The  method  used  to  determine 
group  task  time  when  individual  tack  times  are  known  will 
be  explained.  A  definition  of  nil  forms  and  a  detailed 
analysis  of  the  model  will  be  presented.  A  computer 
program  will  be  used  to  generate  tables  which  will  list 
values  for  the  following: 

a.  Group  task  time  to  perform  the  ith  repetition 
with  zero  turnover. 

b.  Group  task  time  to  perform  the  lUi  repetition 
v/ ith  "P"  percent  turnover. 

c.  Cumulative  average  group  task  time  to  perform 
the  ith  repetition  with  zero  turnover. 
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d.  Cumulative  average  group  task  time  to  perform 
the  ith  repetition  with  "P"  percent  turnover. 

e.  Average  group  task  time  per  turnover’  period 
with  zero  turnover. 

f.  Average  group  task  time  per  turnover-  period 
with  "P"  percent  turnover. 

g.  Ratio  of  group  task  time  with  'T"  percent  turn¬ 
over  to  group  task  time  with  zero  turnover  for 
the  ith  repetition. 

h.  Ratio  of  group  task  time  per  turnover-  period 
with  "P"  percent  turnover  to  group  cask  time 
per  turnover  period  with  zero  turnover. 

Examples  of  the  tables  are  included  in  Appendix  A.  A 
separate  computer  program  which  utilizes  the  TPM  360 
computer  and  Caioomp  Plotter  to  plot  the  tabbed  rela¬ 
tionships  is  included  in  Appendix  B  along  with  nineteen 
plots. 

A  summary  of  the  results  of  the  models  and  recom¬ 
mended  extensions  of  the  analysis  of  this  problem  will 
be  made  in  Chapters  Four  and  Five. 

A  brief  history  of  the  development  of  the  classical 
theory  of  learning  is  presented  in  Chapter  Two.  The 
basic  "learning  function"  as  originally  presented  in 
1956  and  later  models  will  be  stated.  A  brief  dis¬ 
cussion  of  the  methodology  used  in  applying  the  learning 


function  will  be  discussed. 


CHAPTER  II 


CLASSICAL  LEARNING  CURVE  THEORY 

A  brief  overview  of  the  history  of  learning  theory 

is  presented  at  this  time  to  give  the  reader  an  insight 

into  the  development  of  the  classical  learning  theory. 

Aristotle  first  stated  the  theory  of  association  and 

* 

his  views  are  presented  here  as  Tichener  (  5  )  para¬ 
phrased  them. 

"Suppose,  Aristotle  says,  that  we  are  trying  to 
recall  something  that  has  slipped  our  mind,  what  do  we 
ordinarily  do?  We  hunt  through  a  number  of  things, 
beginning  witn  something  that  is  like  what  we  want  to 
recall,  or  contrary  to  it,  or  that  was  next  to  it  in 
time,  or  adjacent  to  it  in  space." 

Thus  Aristotle  foreshadowed  the  development  of  the 
four  laws  of  association  of  ideas:  similarity,  contrast, 
succession  in  time  and  coexistence  in  space.  These  laws 
were  later  refined  to  form  the  basic  argument  of  the 
"associationists . " 

The  psychologists  worked  out  logical  forms  to  ex¬ 
plain  association.  The  concepts  of  motivation,  pleasure 
and  pain  were  introduced  into  the  theory  of  learning  by 

British  psychologists. 

* 

Numbers  in  parentheses  refer  to  List  of  References. 
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Ebbinghaus  began  to  try  to  quantity  the  effect  of 
frequency  of  association  on  learning  during  the  last 
quarter  of  the  19th  century.  His  results  were  clear  exit 
and  showed  that  such  as  association  existed.  Ebbinghaus 
thus  brought  learning  theory  to  its  contemporary  stage. 

English  (  4  )  summed  up  the  general  "orthodox" 
position  of  psychologists  on  learning  in  the  following 
statement. 

"Mental  life  or  behavior  has  its  basis  in  ex¬ 
perience.  The  environment  affects  us  through  our  sense 
organs.  The  resulting  neural  impulse  somehow  leaves 
"traces"  of  its  passage  through  the  nervous  system  so 
that  a  recurrence  of  the  same  neural  circuit  is  there¬ 
after  facilitated.  Within  limits,  the  more  frequently 
this  circuit  is  traversed,  the  greater  the  facilitation  - 
and  therefore  the  greater  the  learning.  Learning  is  thus 
the  getting  and  keeping  intact  of  a  unitary  and  un¬ 
changing  response,  or  of  a  unitary  bit  of  knowledge  or 
an  idea.  Improvement  is  the  selection  of  more  suitable 
responses,  or  the  elimination  of  parts  of  a  complex 
response,  but  the  basic  fact  is  the  fixation  of  un¬ 
changeable  units." 

English  went  on  to  say  that  no  one  advocates  the 
view  exactly  as  stated  above;  however,  this  is  the  es¬ 
sence  of  the  views  most  psychologists  held  at  the  time. 


T.  P.  Wright  (  7  )  in  his  famous  article  ’’Factors 
Affecting  the  Cost  of  Airplanes”  introduced  r.he  classical 
learning  curve  as  applied  to  the  average  cumulative  iabnr 
cost  of  airplanes  as  the  quantity  of  production  in¬ 
creased.  Wright  began  his  studies  of  the  variation  in 
cost  with  quantity  in  1922  which  led  to  the  publication 
of  his  article  in  1136. 

In  developing  the  curve  which  shows  variation  of 
labor  cost  with  production  quantity,  it  became 
evident  that  its  form  was  of  the  type  depicted  by 
the  formula  F  =  Nx.  This  resolves  into  an  ex¬ 
pression  for  X  as  follows: 

X  =  F  Where  F  =  a  factor  of  cost  variation 
Log  N  proportional  to  the  quantity  N.  The 
reciprocal  of  F  represents  a  direct 
percent  variation  of  cost  vs.  quantity.  A  curve 
may  be  plotted  which  shows  directly  the  relation¬ 
ship  between  the  two  variables  and  when  plotted 
og-log  paper,  it  becomes  a  straight  line.  In 
. o  C?>ee  Figure  2.1  in  this  paper j  such  a 
curve  appears;  there  called  the  eighty  percent 
curve  which  is  represented  by  a  value  of  .32?  for 
the  exponent  X  in  the  above  formula.  This  eighty 
percent  has  a  definite  meaning  in  that  it  repre¬ 
sents  the  factor  by  which  the  average  labor  cost 
in  any  quantity  shall  be  multiplied  in  order  to 
determine  the  average  labor  cost  for  a  quantity 
of  twice  that  number  of  airplanes. 

Wright  then  presents  examples  of  th<"  t.heoi'y  as 
applied  to  the  cost  of  an  airplane  per  pound  when  pro¬ 
ducing  increasing  quantities. 

Several  authors  after  Wright  have  presented 
mathematical  models  to  explain  the  stimulus-rer.por.se 
learning  theories  developed  by  neurologists  and 


psychologists.  However,  the  results  of  Wright's  work 
modified  to  concern  individual  task  times  will  be  the 
primary  consideration  of  this  paper.  Occasional 
references  will  be  made  to  other  mathematical  models  for 
enlightenment  of  the  reader. 

Wright  stated  some  of  the  problems  encountered  with 
succeeding  orders  of  the  same  plane  which  increased  costs 
over  those  predicted  by  the  learning  function.  Some  of 
the  factors  mentioned  are:  design  changes  introduced 
between  orders,  the  lapse  of  time  which  encourages 
forgetting,  labor  turnover  between  orders,  and  refurbish¬ 
ment  of  tools.  The  purpose  of  this  paper  is  to  quantify 
the  effect  of  labor  turnover  on  the  average  task  time. 

Wright's  original  equation  is  modified  to  the  form 
shown  in  Equation  2.1  so  that  "x"  represents  the 
cumulative  number  of  units  produced,  "N"  is  the  slope  of 
the  curve  and  t(l)  is  the  "value"  factor  for  the  first 
unit.  The  "value"  factor  might  represent  cost  of  the 
first  unit,  time  required  to  perform  the  initial  mainte¬ 
nance  task,  time  required  to  build  the  first  unit  or  any 
other  "value"  for  which  the  learning  function  can  be 
shown  to  be  valid.  Figure  2.1  shows  a  plot  of  the 
normalized  learning  function  with  the  value  of  the 
ordinate  being  taken  as  one  unit  of  cost  per  physical 
unit  while  the  abscissa  represents  the  cumulative  number 
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ox  units  produced.  It  should  be  noticed  that  the  values 
of  x  are  necessarily  discrete;  however,  it  is  cornnon 
practice  to  ignore  this  fact  and  to  treat  Equation  2.1 
as  a  continuous  function.  In  actual  application  the 
logarithmic  form  of  Equation  2.1  is  used  and  is  shown  in 
Equation  2.1. a. 


t(x)  =  t(1)  x 


,N 


(2.1) 


log  t(x)  =  log  t(1)  +  N  log  x 


(2.1. a) 


Equation  2.1. a  is  shown  plotted  in  Figure  2.1. a.  From 
the  plot  it  is  obvious  that  N  must  be  a  negative  number. 
The  value  of  N  may  be  determined  as  follows: 


N  =  log  ( t(2.x) )  -  log  ( t ( x ) ) 
xog  v2x)  -  log  (xj 


log 


2x 


log 


log  2 


(2.2) 


Wright  showed  that  each  time  the  quantity  of  "airplanes" 
doubled,  the  ratio  of  t(2x)  to  t(x)  was  a  constant 
factor.  Let  us  then  call  this  factor  the  "experience 
factor  -  Q".  Therefore,  Equation  2.2  will  apppar  as 

K  =  T5 gT  '  (2.2.«) 
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Thus,  Equation  2.1  may  be  written  as  shown  in  Equation 
2.3. 


log  Q 

t(x)  =  t(1)  xlos  2  (2.?) 

Armen  Alchian  (  1  )  suggested  and  tested  several 
alternate  relationships  between  direct  labor  per  pound 
of  airframe  cumulative  production,  time  of  production  or 
rate  of  production.  The  results  of  the  comparison  of  the 
predictive  nature  of  these  relationships  to  the  classical 
learning  curve  indicated  that  the  alternates  would  not 
generally  be  better  fits.  A  list  of  the  relationships 
is  presented  here. 

L  =  direct  labor  per  pound 
T  =  time 
P  =  production 

AP  =  rate  of  production  per  month 
a  =  constant  where:  a  >0 
b  =  constant  where:  -1  <b<0 


log  L  = 

a1  +  b^ 

(2. 4. a) 

log  L  = 

a2  +  b2T  +  b^  (AP) 

(2.4.b) 

log  I  = 

a^  +  b^log  T  +  b^  log  (AP) 

( 2 . 4 .  c ) 

log  L  = 

a^  +  bgT  +  b^  log  (AP) 

(2.4 .d) 
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log  L  =  +  bgT  +  bg  log  (P)  (2.4. e) 

log  L  =  ag  +  b1Q  log  P  +b11  log  (AP)  (2.4.f) 

When  past  history  of  the  parameters  concerning  the 
production  of  an  item  or  the  maintenance  labor  time  per 
task  or  any  other  variable  for  which  a  model  is  desired 
is  available,  one  may  resort  to  regression  analysis. 
Draper  and  Smith  (  3  )  present  methods  by  which  a  re¬ 
gression  analysis  and  test  of  hypothesis  may  be 
accomplished.  This  is  a  very  powerful  tool  when  properly 
used. 

Dr.  Wright  used  the  learning  curve  as  applied  to 
the  cumulative  average  hours  per  unit.  Conway  and 
Schultz  ( 2  )  have  considered  the  relationships  between 
the  curve  based  on  the  hours  per  piece  and  the  curve  as 
Dr.  Wright  originally  proposed.  Figure  2.2  shows  the 
relationship  when  t(x)  in  Equation  2.3  is  considered  to 
be  the  hours  per  piece.  Figure  2.3  depicts  the  relation¬ 
ship  when  t(x)  in  Equation  2.3  is  considered  to  be  the 
cumulative  average  hours  per  piece.  Conway  and  Schultz 
then  state  that  proponents  of  neither  model  have  been 
able  to  establish  the  superiority  of  one  model  over  the 
other  either  by  logic  or  empirical  evidence.  Hence, 
it  is  largely  a  matter  of  choice  as  to  which  model  is 
more  computationly  convenient  as  to  which  is  used. 


Log  (t(x)) 


Figure  2. 


1 


Log  (t(x)) 


F igure  2.  3 


Learning  curve  when  t(x)  is  the  labor  hours 
per  piece. 


1  2  3  4  5  6  7  8  9 

Learning  curve  when  t(x)  is  the  average  labor 
hours  per  piece. 
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Wilson  (  6  )  has  shown  that  the  time  required  to 
perform  a  given  maintenance  task  decreases  as  the  number 
of  times  the  task  has  been  repeated  increases  and, 
logically,  the  average  time  also  decreases.  This  fact 
is  important  and  is  used  as  a  basis  for  the  model  to 
be  developed  in  this  paper.  The  curves  presented  for 
task  time  per  task  and  cumulative  average  task  time  per 
task  follow  the  same  general  form  as  those  shown  in 
Figure  2.2. 

The  computer  model  utilized  to  generate  the  tables 
shown  in  appendix  A  which  describe  the  effect  of 
turnover  rate  on  group  task  time  will  be  developed  in 
the  following  chapter.  Appendix  B  contains  plots  of 
the  results  of  the  computer  model. 
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CHAPTER  III 


DEVELOPMENT  OF  A  COMPUTER  MODEL 

1 .  Development  of  Point  Convolution 

"Point  convolution"  is  a  phrase  which  was  coined 
by  the  author  to  describe  the  method  of  combining  in¬ 
dividual  task  times  to  form  a  composite  group  task  time 
(convolution  of  task  times)  for  a  given  repetition 
(point)  of  the  repair  task.  A  similar  problem  is  en¬ 
countered  when  one  wishes  to  determine  the  expected  time 
to  complete  a  given  task  when  each  member  of  the  work 
group  has  a  different  "work  rate."  For  example:  if 
workman  A  and  workman  B  could  complete  a  given  task 
in  2  and  4  hours  respectively  when  working  alone,  how 
long  would  it  take  workman  A  and  workman  B  when  working 
together  to  complete  the  task?  The  solution  simply 
involves  finding  the  reciprocal  of  the  sum  of  the  work 
rates  of  workman  A  and  workman  B. 

T.  =  Time  required  for  workman  A  to  perform  the 
A  task 

T-,  =  Time  required  for  workman  B  to  perform  the 
task 


* 

R.  =  tt-  =  Work  rate  for  workman  A 

A  4a 

R_  =  ir~  =  Work  rate  for  workman  B 
a  XB 
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R«P  =  Combined  work  rate  of  workman  A  and  B 
*T  =  RA  +  % 

Tm  =  Time  required  for  workman  A  and  B  to  perform 
one  task  together 

The  concept  may  be  extended  to  include  any  reasonable 
number  of  workmen. 


I^T  =  ra 


B 


RC  + 


+  Hi 


N 


(3.1) 


TT  " 


1 


Now  that  a  method  for  convolving  task  times  for  a  given 
absolute  repetition  has  been  developed,  the  terms  to 
be  used  in  the  computer  model  will  be  defined. 


2.  Definition  of  Terms 

The  important  terms  which  are  used  in  the  computer 
model  are  listed  below  in  alphabetical  order: 

ATDAN  -  Ratio  of  average  task  time  per  time  period 
with  "PERCNT"  percent  turnover  to  average 
task  time  per  time  period  with  zero  turnover. 

ATTPN  -  Average  task  time  per  time  period  with  zero 
turnover. 

ATTTP  -  Average  task  time  per  time  period  with 
"PERCNT"  percent  turnover. 

AVGT  -  Cumulative  average  task  time  per  time 
period  with  "PERCNT"  percent  turnover. 
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AVGTN  -  Cumulative  average  task  time  per  time 
period  with  zero  turnover. 

ETR  -  Expected  number  of  repair  tasks  per  crew 
in  one  time  period. 

F  -  The  learning  factor  "N"  as  described  in 
Equation  2.2 

FAILR  -  The  failure  rate  of  the  item  being  re¬ 
paired. 

IETR*  -  Integer  value  of  ETR. 

IRAT  -  Number  of  turnover  periods  before  the 
"steady  state"  condition  is  reached. 

M  -  Number  of  men  leaving  a  crew  at  the  end  of 
a  turnover  period. 

MM  -  Number  of  men  comprising  a  crew  at  any 
given  time. 

NCRUS  -  Number  of  crews  in  the  work  force  who 
repair  the  item  under  consideration. 

NSY3  -  The  number  of  systems  or  items  in  the  popu¬ 
lation  from  which  failures  are  drawn. 

PERCNT  -  Equals  100  times  M  divided  by  MM  and  is 

the  present  turnover  in  one  turnover  period. 

Q  -  The  experience  factor  as  described  in 
Equation  2. 2. a. 

*Note:  All  names  starting  with  I-N  represent  integer 
numbers . 
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R  -  The  "work  rate"  for  one  member  of  the  work 
crew. 

T  -  Task  time  for  the  entire  crew  to  complete 
one  task  repetition  with  turnover. 

TI  -  Time  required  for  the  crew  to  perform  the 
first  task. 

TIMP  -  The  length  of  time  comprising  one  time 
period  (turnover  period). 

TDTN  -  The  ratio  of  the  time  required  to  perform 
a  task  with  "PERCNT"  turnover  to  the  time 
required  to  perform  a  task  with  zero  turn¬ 
over. 

TN  -  The  time  required  to  perform  a  task  when 
the  turnover  per  time  period  is  zero, 

XCRUS  -  Floating  point  representation  of  NCRUS. 

XETR  -  Floating  point  expected  number  of  failures 
per  time  period. 

XIR  -  Integer  value  of  MM  divided  by  M. 

XM  -  Floating  point  representation  of  M. 

XMM  -  Floating  point  representation  of  MM. 

XNSYS  -  Floating  point  representation  of  NSYS. 

XR  -  Floating  point  representation  of  R. 
Indexing  symbols  and  symbols  for  other  temporary 
variables  used  in  the  computer  program  are  not  listed. 
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3.  The  Computer  Model 

Tho  first  objective  in  defining  the  model  is  to 
consider  which  parameters  have  a  commonality  between 
different  situations  so  as  to  reduce  the  number  of  com¬ 
putations  necessary  to  describe  a  range  of  different 
situations.  Two  factors  can  be  readily  determined  from 
the  classical  learning  function.  Logically,  separate 
tables  will  need  to  be  generated  for  each  value  of  the 
experience  factor  "Q"  since  this  factor  determines  the 
slope  of  the  curve.  The  tables  may  be  normalized  by 
setting  the  time  required  to  perform  the  initial  task, 

TI,  equal  to  one.  This  is  done  so  the  time  required  to 
perform  a  given  repetition  may  be  determined  from  the 
tables  simply  by  multiplying  the  tabled  value  by  the 
actual  time  required  to  perform  the  initial  task.  The 
basis  for  specifying  other  parameters  which  exhibit 
commonality  will  be  developed  in  the  following  paragraphs. 

Just  for  the  moment,  consider  the  failures  of  the 
equipment  or  the  item  under  consideration  to  follow  the 
Poisson  distribution.  The  failure  rate  of  the 
exponential  distribution  is  constant;  hence,  the  number 
of  items  failing  in  an  increment  of  time  is  directly 
proportional  to  the  size  of  the  time  increment  and  the 
number  of  items  in  the  population.  The  number  of  these 
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failures  which  a  given  crew  would  be  required  to  repair 
is  inversely  proportional  to  the  number  of  repair  crews. 
The  foregoing  relationships  are  mathematically  stated 
in  Equation  3.2. 

ETR  =  (3-2) 

For  the  purposes  of  this  paper,  it  shall  be  required 
that  ETR  be  an  integer  value.  Consideration  of  a  non¬ 
integer  value  of  ETR  would  require  the  development  of  a 
probabilistic  model  which  would  indubitably  be  much  more 
difficult  to  evaluate  and  would  also  tend  to  conceal 
the  essence  of  the  results  with  its  complexity.  Hence, 
all  members  of  a  crew  will  be  considered  to  complete  any 
task  which  they  begin,"  i.e.,  no  substitutions  and  no 
absences  will  be  allowed.  It  would  seem  that  all  cases 
with  the  same  number  of  repetitions  of  the  repair  task 
during  a  given  time  period  might  exhibit  some  commonality. 
Note  that  the  preceeding  statement  does  not  require  the 
time  period  between  turnovers,  the  failure  rate,  the 
number  of  items  in  the  population  or  the  number  of 
crews  to  take  on  any  particular  value;  but  rather,  allows 
each  to  take  on  a  large  range  of  values. 

It  seems  reasonable  to  group  situations  according 
to  the  percent  turnover  at  the  end  of  each  turnover 
period.  The  reason  for  doing  this  will  be  made  clearer 


23 


as  the  model  is  developed. 

*.  . 

Let  T  (IX)  represent  the  time  required  for  one 
person  in  the  crew  to  accomplish  the  entire  IXth  repair 
assuming  this  to  be  possible.  For  1  ^  IX^IETR: 

r(IX)  =  -gP—  (3.3) 

T  (IX) 

After  the  first  turnover  period,  only  MM-M  of  the 
original  crew  remain  and  M  unexperienced  repairmen  are 
added  to  the  crew.  The  time  required  for  one  repairman 
from  the  original  group  to  perform  the  IX1*1  repetition 
is  T  (IX);  however,  this  will  be  the  first  task 
repetition  for  each  of  the  "M"  new  repairmen.  The  time 
required  for  a  new  repairman  to  perform  the  task  will 
correspond  to  T*(IX-IETR).  Therefore,  for  TF.TR  <  IX  Si 
2(IETR) ; 


R(IX)  =  +  __£! -  .  (,.4) 

T  (IX)  T  ( IX-IETR) 

And  similarly  it  may  be  shown  that  for  2(IETR)<IX^. 

3 ( IETR ) : 


R(IX)  = 


(EK-2H) 
T* ( IX ) 


4- 


M _ 

T^ (IX-IETR) 


+ 


M _ 

T*(IX-2(IETR) ) 


and  T(IX)  =  ^xj  ’  (3.5) 

’//hen  MX  is  an  exact  multiple  of  M,  it  may  be  shown  that 
for 


[jr  _1]IETR  <  IX  ^  ^  (IETR) : 

MM  , 

,  x  r*  -1 

r(ix)  =  y-  m 

f-  T  ( IX- (N) IETR) 
N=0 


(3.6) 


and  for 


P(IETR)  <  IX 


IETR: 


R(IX)  = 


MM  „ 

IT  -1 


y 


M 


T  ( IX- (N)  IETR) 

N=0 


(3.7) 


and  for  every  interval  thereafter. 

Therefore,  our  tables  need  only  extend  to  repeti- 
tion  number  fi  (IETR)  since  thereafter: 

T  goj  (IETR)j  +  ij  =  T*[(m  _  ^  (ietr)  +  jj,  (,. 
(IETR)  +  lj=  T  [(™)  (IETR)  +  ij 

T  [(Sr  -i)(ietr)  +  ij . 


When  MM  is  not  an  exact  multiple  of  M,  it  can  be 
shown  that  it  is  necessary  to  perform  calculations  for 
T(IX)  only  for  IX  less  than  or  equal  to  the  integer 
value  of  MM  divided  by  M  plus  one  times  IETR,  i.  e.: 

IX  <  (IETR)  £  1  +  INTEGER  (jpjj 
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Figure  3.1  illustrates  the  relationships  presented  above. 
Values  in  the  body  of  the  table  represent  the  number  of 
men  from  a  group  added  during  the  time  period  indicated 
on  the  left  of  the  table  still  remaining  in  the  work 
group  during  the  time  period  indicated  at  the  top  of  the 
table . 

Performing  calculations  for  this  many  repetitions 
could  be  quite  laborious  if  either  (w^) 
or  IETR  is  large.  Fortunately  the  digital  computer  can 
rapidly  perform  the  necessary  calculations  once  a 
suitable  program  has  been  written. 

4.  The  Computer  Program 

The  computer  program  written  to  perform  this 
analysis  and  a  flow  chart  for  the  program  are  included 
in  Appendix  A  along  with  some  samples  of  the  output 
which  was  generated.  The  reason  for  including  a  dis¬ 
cussion  of  the  computer  program  is  simply  to  indicate 
how  the  necessary  indexing  was  performed. 

The  following  important  indices  are  used  in  the 
computer  program: 

IX  -  The  repetition  number. 

IT  -  The  time  period  number. 

IRAT  -  The  number  of  time  periods  required  for  repe¬ 
tition  of  task  times  within  successive  time 
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MM=8,  M=2 


p 

PA 

1 

2 

3 

4 

5 

1 

8 

6 

4 

2 

2 

2 

2 

2 

2 

3 

2 

2 

2 

2 

2 

2 

Steady  State  Obtained 


MM-8,  M=3 


P 

PA 

1 

2 

3 

4 

3 

1 

8 

5 

2 

2 

3 

3 

2 

3 

3 

3 

2 

3 

3 

3 

i - n - 1 - 1 - 1 — j — i — 

Steady  State  Obtained 


Note:  The  first  entry  in  each  row  corresponds  to  the 
number  added  at  the  beginning  of  that  turnover  period. 

A  number  in  the  body  of  the  table  represents  the  number  of 
men  in  the  task  force  as  a  function  of  the  period  in  which 
they  were  added  (PAP) and  the  present  period  (P)  for  the 
M  and  M  shown. 


Figure  3.1.  Determination  of  turnover  period 
during  which  the  "steady  state" 
task  times  are  obtained. 
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periods  to  occur. 

Equations  3.4  and  3.5  show  how  the  portion  of  task 
tine  contributed  by  the  original  work  force  decreases 
until  it  makes  no  contribution  in  time  period  IRAT  and 
thereafter.  A  special  function  "A”  was  devised  to 
correspond  to  the  work  rate  of  the  original  work  group. 
"A"  is  given  by: 

A(IX)  =  ^  [(MM-(IT)M)/(IX)  EXP(F)].  (3.9) 

The  portion  of  the  work  rate  contributed  by  the  men 
added  after  the  first  period  is  represented  by  "B" 
where : 

3(IX)  =  njr  i?  M/  [ (IX-(IT) (ETR))  EXP(F)]  (3.10) 
N=1 

Hence,  the  total  work  rate  for  any  repetition  before 
IRAT  time  periods  is  represented  by: 

R(IX)  =  ^[(M-IT(M))/(IX)EXP(F) 

+  jr  (M/(IX-IT(ETR))EXP(F)]  (3.11) 

N=1 

A 

where  T(IX)  =  ^Q^y  * 

For  time  period  number  IRAT,  the  work  rate  is  expressed 
by: 


1  IRAT-1 

R(IX)  =  jJjj  M/(IX  -  IT(ETR) )  EXP(F) 

N=1 

(3. '2) 


For  every  time  period  thereafter,  the  task  time  for  the 
particular  repetition  is  found  by  the  relationship: 

T(IX)  =  T(IX  -  IETR) .  (3.13) 


CHAPTER  IV 


RESULTS  OF  THE  ANALYSIS 

The  input  parameters  required  to  generate  a  data 
set  are  the  crew  size,  number  of  men  in  a  turnover 
group,  number  of  systems  in  the  population,  failure 
rate  of  the  systems,  length  of  time  between  turnovers, 
number  of  crews  among  which  the  failures  are  allocated, 
initial  task  time  and  the  learning  factor  for  the  crew. 
In  a  case  where  only  a  limited  number  of  repairs 
could  be  made  during  a  turnover  period,  the  parameters 
required  to  determine  the  number  of  repairs  during  a 
turnover  period  could  be  omitted.  The  parameters 
which  could  be  omitted  are  the  failure  rate,  the  turn¬ 
over  period,  number  of  crews  and  the  number  of  systems 
in  the  population.  The  same  parameters  could  be 
omitted  in  any  situation  where  the  number  of  task 
repetitions  in  a  turnover  period  are  known  and  equal  for 
each  turnover  period. 
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Tables  were  generated  for  a  crew  size  of  100  men 
with  turnovers  of  5,  10,  20,  25,  50  and  100  men  per 
turnover  period,  a  crew  size  of  50  men  with  turnovers 
of  1 ,  2,  5,  10,  25  and  50  men  per  turnover  period,  and 
a  crew  size  of  10  men  with  turnovers  of  1,  2,  5  and  10 
men  per  turnover  period  for  Q's  of  .80,  .85,  .90  and  .95 
with  lETR's  of  5,  10  and  15  repetitions  during  a  turn¬ 
over  period.  Examples  of  the  above  mentioned  tables 
are  included  in  Appendix  A. 

In  every  case  where  turnover  occurred,  the  task  time 
and  average  task  time  increased.  Figure  B1  (Appendix  B) 
is  a  plot  of  the  task  time  with  various  turnover 
percentages,  a  Q  of  .80  and  5  repetitions  per  turnover 
period.  Notice  that  the  task  time  during  the  first 
turnover  period  follows  the  normal  learning  curve  re¬ 
gardless  of  the  percent  turnover.  After  the  first 
turnover  period,  a  discontinuous  increase  in  the  task 
time  occurs  at  the  beginning  of  each  successive  turnover 
period.  The  waveform  for  each  percentage  turnover  has 
an  exponentially  decaying  component  until  IRAT  turnover 
periods  have  occurred.  The  task  time  then  becomes  a 
steady  state  waveform  with  a  period  of  IETR  repetitions. 
The  type  of  plot  shown  in  Figure  B1  would  be  of  use  in 
determining  the  task  time  for  any  given  repetition. 

Perhaps  a  more  useful  bit  of  information  would  be 


the  determination  of  the  cumulative  average  task  time 
for  various  percent  turnovers.  Figures  B2  through  B4 
depict  the  cumulative  average  task  time  for  a  given  number 
of  repetitions  for  a  Q  of  ,6C  and  IETR’s  of  5,  10  and  15. 
Observe  that  the  curve  corresponding  to  the  zero  percent 
turnover  or  normal  learning  function  is  the  same  re¬ 
gardless  of  the  value  of  IETR  as  long  as  the  experience 
factor  is  the  same.  For  an  IETR  of  5  and  a  20  percent 
turnover,  the  cumulative  average  task  time  after  200 
repetitions  is  increased  by  79  percent  over  that  for  the 
normal  learning  function.  When  IETR  is  changed  to  10 
ana  15 ,  the  percent  increase  of  the  cumulative  average 
task  time  is  48  and  34  percent  respectively.  When  0  is 
increased  to  .95,  the  percent  increase  due  to  turnover 
for  ISTR's  of  5,  10  and  15  is  16,  11  and  8  percent 
respectively.  Figures  B5  and  B7  are  plots  of  the  cumula¬ 
tive  average  task  time  for  a  Q  of  .95  and  IETR's  of  5, 

10  ar.d  15.  One  may  conclude  from  the  above  analysis  that 
for  a  given  Q  as  the  number  of  repetitions  in  a  given 
turnover  period  is  increased,  the  cumulative  average 
task  time  for  a  non  zero  percent  turnover  will  be 
decreased.  One  may  also  conclude  that  the  effect  of 
turnover  on  task  times  governed  by  the  learning  function 
decreases  as  Q  is  increased. 

Figure  B1  depicts  a  very  interesting  relationship 


when  one  is  interested  in  obtaining  a  microscopic  view 
of  the  task  time;  however,  it  may  be  desirable  to 
determine  the  average  task  time  during  any  given  time 
period.  Figure  B8  through  B13  are  plots  of  the  average 
task  time  per  time  period  for  Q’s  of  .80  and  .95  and 
IETR’s  of  5,  10  and  15  for  various  percent  turnovers. 

The  curves  are  discrete  functions;  however,  they  are 
depicted  as  being  continuous.  Values  should  only  be 
used  for  an  integer  number  for  the  period  number.  After 
IRAT  turnover  periods,  the  average  task  time  per  turn¬ 
over  period  is  constant.  Observation  of  the  plots 
immediately  reveals  that  the  average  task  time  during  any 
turnover  period  after  the  first  increases  as  the  percent 
turnover  is  increased. 

Plots  of  the  ratio  of  average  tack  time  per  time 
period  for  different  turnover  rates  to  the  average  task 
time  per  time  period  with  zero  turnover  are  shown  in 
Figures  B14-B19  for  various  percent  turnovers,  Q's  and 
IETR's.  Analysis  of  the  plots  reveals  the  following 
information: 

1.  The  ratio  increases  for  a  given  Q,  period 
number  and  percent  turnover  as  IETR  is  in¬ 
creased. 

2.  The  ratio  is  decreased  by  increasing  Q  for  the 
same  IETR,  period  number  and  percent  turnover. 
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3.  Increasing  both  Q  and  IETR  for  the  same  period 
number  and  turnover  rate  causes  the  ratio  to 
decrease. 

The  figures  in  Appendix  B  are  a  good  source  to 
obtain  approximate  values  of  cumulative  average  task  time 
for  use  in  rough  or  first  estimates.  However,  if 
contractual  requirements  are  to  be  determined,  tables 
such  as  those  shown  in  Appendix  A  should  be  consulted. 

Tables  are  included  in  Appendix  A  for  10,  20  and  50 
percent  turnover  per  turnover  period  for  Q  equal  to  0.8, 
IETR  equal  to  5.0,  and  MM's  of  10,  50  and  100.  Also 
included  is  a  table  for  10,  20  and  50  percent  turnover 
per  turnover  period  for  Q  equal  to  0.8, IETR  equal  to 
10.0,  and  an  MM  of  100.  A  table  for  10,  20  and  50  percent 
turnover  per  turnover  period  for  Q  equal  to  0.95,  IETR 
equal  to  5.0,  and  an  MM  of  100  is  also  included.  Before 
attempting  to  use  the  tables  it  would  be  wise  to  read  the 
first  page  in  Appendix  A  where  the  numbering  system  is 
explained. 

In  order  to  illustrate  that  the  parameters  Q,  IETR 
and  PERCNT  are  the  only  parameters  necessary  to  determine 
a  unique  normalized  table,  tables  A1 ,  A2,  and  A3  may  be 
compared  point  by  point  to  tables  A4,  A5  and  A6  respec¬ 
tively.  Comparing  tables  A1 ,  A2,  A3  or  A4,  A5»  A 6  to 
tables  A7,  A8  and  A9,  respectively,  leads  one  to 
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inductively  conclude  that  a  unique  table  is  indeed  gene¬ 
rated  for  each  set  of  values  of  Q,  IETR  and  PERCNT .  The 
foregoing  may  readily  be  seen  from  the  mathematical  model 
presented  in  Section  3  of  this  chapter.  If  any  of  the 
above  tables  are  compared  to  tables  A13,  A14  and  A15 
where  G  is  equal  to  0.95,  it  is  found  that  the  tabled 
entries  are  not  identical. 

The  conclusions  stated  in  the  paragraph  above  are 
very  important  in  that  they  allow  the  use  of  a  table 
generated  for  a  crew  size  of  10  with  a  turnover  of  1  per 
turnover  period  to  be  used  when  the  actual  situation  under 
consideration  involves  a  crew  size  of  330  with  a  turnover 
of  33  per  period  (Q  and  IETR  for  each  case  are  the  same). 
This  fact  of  course  allows  generalized  tables  to  be 
generated  and  catalogued  rather  than  having  to  generate  a 
table  for  each  set  of  parameters  as  they  are  encountered. 

An  example  of  the  use  of  the  tables  will  now  be  dis¬ 
cussed.  The  following  problem  is  presented: 

The  XYZ  company  operates  a  nationwide  trucking  firm 
for  short  distance  hauling  of  heavy  industrial  products. 
Maintenance  centers  are  located  in  strategic  points 
about  the  nation,  and  are  owned  and  operated  by  company 
ABC.  Each  maintenance  crew  is  composed  of  ten  men  each 
with  an  experience  factor  of  0.8.  The  turnover  rate  is 
exactly  two  men  every  five  major  overhauls  due  to  the 
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difficulty  of  the  work.  There  will  be  approximately 
100  major  overhauls  performed  by  each  crew  during  one 
year.  The  ABC  company  wishes  to  determine  what  price  to 
charge  for  the  labor  manhours  so  that  it  may  make  a  good 
estimate  of  total  costs  before  bidding  on  the  contract. 
The  labor  cost  for  the  first  repetition  was  demonstrated 
to  be  01300. 

Solution  1 :  A  direct  application  of  the  normal  learning 
curve  yields  the  following  results  (See  Table  A2). 

The  cumulative  average  task  time  after  performing 
the  100th  repetition  is  found  by  locating  AVGTN(IOO). 
AVGTN(IOO)  =  0.32650. 

Hence,  the  total  labor  cost  for  overhauling  100  trucks  is 
estimated  as  follows: 

TLC  =  100(1000) (0.32650)  =  $32,650. 

The  cost  of  overhead  is  20$  of  raw  labor. 

0VHD  =  0.20(32,650)  =  $6,530. 

The  cost  of  parts  is  fixed  and  is  $500  per  truck. 

PARTS  =  100(500)  -  $50,000. 

Hence  the  total  cost  of  overhauling  100  trucks  is: 

TOTAL  COST  =  TLC  +  OVHD  +  PARTS  =  $89,130. 

Solution  2:  The  effect  of  turnover  is  to  be  taken  into 
account  in  this  solution.  (See  Table  A2). 


The  cumulative  average  task  time  after  performing 


the  100t!l  repetition  when  turnover  is  twenty  percent  per 
turnover  period  is  found  by  locating  AVGT(IOO)  in  the 
tables. 

AVGT(IOO)  =  0. 48130. 

TLC  =  100(1000)(0. 48130)  =  $48,130. 

OVHD  =  0.20(48,130)  =  $9,626. 

PARTS  =  100(500)  =  $50,000. 

TOTAL  COST  =  $107,756. 

Analysis  of  solutions  1  and  2:  The  difference  in  the 
estimated  labor  costs  alone  amounts  to  $15,480.  This 
amounts  to  a  47.4  percent  increase  in  labor  costs.  Total 
costs  are  increased  by  $18,576.  If  company  ABC  had 
decided  to  charge  fifteen  percent  over  the  total  cost  as 
the  profit  margin  and  had  used  the  normal  learning  curve 
as  the  basis  for  calculating  labor  costs,  they  would  have 
lost  money  on  the  contract. 

The  other  columns  in  the  tables  could  be  used  to 
schedule  jobs  in  the  shop,  to  determine  the  distribution 
of  labor  costs  over  the  contract  period,  and  to  rapidly 
determine  the  average  task  time  during  a  turnover  period. 


37 


CHAPTER  V 

CONCLUSIONS  AND  EXTENSIONS 

1 .  Conclusions 

This  analysis  readily  discloses  the  fact  that  con¬ 
siderable  attention  should  be  given  to  turnover  rate, 
number  of  repetitions  per  turnover  period  and  experience 
factor  of  the  maintenance  crews  which  are  to  perform 
maintenance  on  a  given  equipment  or  item  before  speci¬ 
fying  the  maintainability  parameters.  Indiscriminate 
use  of  the  classical  learning  function  could  lead  to 
gross  underestimation  of  future  task  times  when  turnover 
is  present. 

This  paper  has  presented  the  basis  for  a  handbook 
of  curves  and  tables  based  on  three  parameters: 

1.  0  -  experience  factor, 

2.  IETR  -  repetitions  per  turnover  period,  and 

3.  PERCNT  -  percent  turnover  per  turnover 
period. 


2.  Extensions 

The  model  just  presented  assumes  that  each  man  in 
she  group  has  the  sane  experience  factor.  A  model 
could  readily  be  developed  which  predicts  the  effect 


of  turnover  when  each  man  in  the  group  has  a  different 
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experience  factor;  however,  calculations  would  have  to 
be  for  each  specific  case  since  there  are  many  possible 
combinations  of  parameters. 

No  consideration  of  the  interaction  between  workers 
was  considered  in  the  foregoing  model.  After  the 
initial  turnover  period,  experienced  men  are  available 
to  give  advice  to  the  new  workers  thus  possibly  in¬ 
creasing  the  rate- at  which  learning  would  occur.  A 
model  could  be  developed  in  which  the  work  rate  for  the 
new  men  is  proportionately  increased  for  the  first  few 
repetitions. 

An  even  more  interesting  model  would  be  one  in 
which  not  all  members  of  the  work  group  participated  in 
the  performance  of  each  task.  It  seems  that  such  an 
analysis  would  become  quite  difficult  when  turnover  is 
also  a  factor  to  be  considered. 
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APPENDICES 


AO.  1 


APPENDIX  A 

This  appendix  contains  the  computer  program  used  to 
generate  tables  showing  the  effects  of  turnover  on  group 
task  time  when  task  time  is  governed  by  the  learning 
curve,  a  flow  chart  of  the  computer  program  and  tables 
generated  by  the  program. 

The  page  numbers  include  the  table  numbers  in  this 
appendix.  Page  "A2.4"  indicates  that  the  page  is  in 
Appendix  A,  Table  2,  and  page  4  of  Table  2.  There  are 
eight  pages  in  each  table  in  Appendix  A. 
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APPENDIX  B 

This  appendix  contains  the  computer  program  used 
to  generate  the  values  tabled  in  Appendix  A  in  such  a 
manner  that  they  could  be  plotted  by  the  Calcomp  Plotter 
and  the  nineteen  families  of  curves  which  were  plotted. 
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